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Abstract: In recent years, scientometric indices, especthlyHirsch index, have gained significant attemfimm the
scientific community due to some of their benefigisperties. The Hirsch h-index is widely usedrarious decision-
making processes, such as evaluating scientifizigycor allocating grants. Over time, many diffatendicators have
been developed to address the shortcomings ofitéetx. In this paper, we will focus on the Hirsobex, its strengths,
and its weaknesses. Torra and Narukawa have dematmustthe relationship between the most commonid us
scientometric indicators and fuzzy integrals, sastthe Sugeno and Choquet integrals. This obsenvaliows authors
to define new indices using various fuzzy integeald fuzzy measures.

1 Introduction citations or does not exist. We will consider th&stific

In 2005, the American theoretical physicist ofecocords for whiche, > 1. In [2] Torra and Narukawa
Argentine origin, Jorge E. Hirsch, introduced thimdex, Presented that the Hirsch index is the Sugenoriategth
a new indicator for quantifying the results of stigts' respect to the counting measure. Indeed, xet
research. It was designed as an alternative tor otHe:, X3, ..., X,) such that, > x, >+ >x, forn €N
scientometric indicators, which until then primaril and x, € N U {0} for all k € {1, 2,..,n} be the input
included the total number of publications, the ager Vector of a scientist. Then the mathematical dediniof
number of citations per paper, and the total nundfer theh-index reads as follows (1):
citations received. Thie-index is no longer used solely as

a measure of scientific success for individual aesieers H(x) = max n}{min{k, xi 3} 1)

but also for measuring the scientific output ofersh o

groups, scientific institutions, and even countries To be this definition clearer, consider the sclanti
Let Ny, represent the number of articles an author has g x=(7,6,542). Then H(x) =

published oven years. According to Hirsch's definition, 8max{min{1, 7}, min{2, 6}, min{3, 5}, min{4,4}, min{5, 2}}
researcher has tieindex ofh if h of their N articles have  _ 15.¢1 5 34 2 — 4 ’Easier’ex’pressic;n of theindex

each been cited at ledstimes, while the remainin@V, —  snould be )

h) articles have each been cited fewer thames, cf [1].

Consider an author with a citation output af= H(x) = max {x, =k} )
(6,5,3,3,1). One can see that they do not haventirelex ke(1,2,...,n}

of 4, as there are not 4 articles with at leasitations in
the list. According to the definition, they shoulddt have
the h-index of 3, as well, because one of the remaini
articles does not have less then 3 citations. [ithigation
is known as Hirsch’s threshold effect and the dtdin
was improved by the author.

The graphical visualisation of the above example is
monstrated in the Figure 1.
ne can see, that computing théndex is finding the
largest square under the number of citations.

Opinions on the usability of this index vary. Thaim
discussion regarding thie-index concerns whether this
index makes sense and whether it correctly refldums
level of influence of a particular researcher. tAsiins out,
everything has its strengths and weaknesses, wiaahill
now briefly describe.

2 Mathematical background

In the whole text, we consider the debf the input
vectorsx = (x;, X, ...,X,) sSuch that, = x, = -+ = x,
forn € N andx, € Nu {0} for all k € {1, 2,...,n}. The
vector x = (xq, X,,...,X,) €EX represents a scientific
record, wherex, is a number of citations ok-th
publication. In the case af, =0, the paper has no
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Figure 1 The Hirsch index

2.1 Prosand cons of h-index
211 Advantages

each. Obviously, we cannot consider these two asitho
equivalent, even though théwindex has the same value.
Many similar examples can be given becauséehtimelex
captures only a portion of publication and citatiteta.
Despite its widespread use and advantages;itgex has
several limitations that have been identified otiare,
prompting researchers to propose various modi@inati
and alternative indices.

One significant issue is that theandex is affected by
self-citations. Researchers who frequently citer then
work can artificially inflate theih-index, raising concerns
about its accuracy. Although Hirsch originally ofesd that
self-citations have minimal impact, later studisgch as
the one conducted by M. Schreiber in 2007, showed t
self-citations can significantly influence thie-index,
especially for early-career researchers with lovadues.
Since theh-index is commonly used for evaluating young
researchers in promotions and competitive assessmen

Hirsch’'s h-index offers several advantages thathis poses a challenge. One possible solution éx¢tude

contribute to
evaluations.

its widespread use

in  scientometriself-citations, though identifying and removing nhean

be difficult. Some scholars argue that even citetifsom

One of its key benefits is the simplicity of itsco-authors should be disregarded to prevent bias.

calculation, making it an accessible metric foreassg
scientific impact. It effectively combines both tjtative
and quantitative indicators, as it takes into aotboth the
number of citations and the number of publicatiortss

Another drawback of theh-index is that it
disadvantages researchers with shorter careece Sieh-
index is cumulative and never decreases, youngantssts
are inherently at a disadvantage compared to senior

dual nature allows for a more balanced evaluatiba o researchers who have had more time to accumulate

researcher’s contribution.

citations. To mitigate this issue, Hirsch proposeel m

Furthermore, thé-index is highly versatile and can bequotient, which normalizes the h-index by dividihdpy

applied not only to individual researchers but also
research groups, scientific institutions, and ursiies.

the number of years since the researcher’s fifsligation.
This adjustment allows for a more fair comparisetween

Another significant advantage is its immunity toscientists at different career stages.

uncited publications, ensuring that an author'srale

impact is not skewed by a large number of workslihae
failed to gain recognition.

Additionally, the h-index provides a fair evaluatiof
scientists whose influence stems from a few higfitigd
papers that have made a significant impact on fredd.
At the same time, it supports researchers who stamgly
contribute to scientific progress through steadygaing
work.

Additionally, the h-index is insensitive to a large
number of citations, meaning that an author witmyna
highly cited papers may still have a relatively llovwndex.
For example, an author with four papers, each Q@@
times, has the santeindex as another author whose four
papers have been cited only four times. This litiateled
to the introduction of theg-index in 2006, which gives
greater weight to highly cited papers. Anotherrakiéve
is the h(2)-index, proposed by M. Kosmulski in 2006,

Lastly, theh-index remains independent of the author’svhich considers the number of citations squaredtter

prestige, focusing solely on the measurable imp&itteir
research output rather than their reputation ditini®nal
affiliation.

2.1.2 Disadvantages

most cited papers, providing a better represemtatid
research impact.

A further limitation is that theh-index only takes
integer values, meaning that a large group of rebess
may share the santeindex, even if their actual citation

Although theh-index is simple and effective, it hasimpact differs significantly. Since it is rare fascientist to

several weaknesses that limit its use in fairlyl@ating

achieve ar-index greater than 100 (which would require

scientific work. The aggregation of publicationsdan at least 10,000 citations), the index lacks finengtarity.

citation frequency into a single representativeugahas
been criticized by some authors because Hirschidn
original work, assumed the equality of both inputkjch

is an incorrect fundamental axiom, as demonstrayettie

following example: Let author A have 10 papers wiith
citations each, and author B also have 10 papdts 10
citations each, but an additional 10 papers witit&tions

To address this, some researchers have suggesppcma
the h-index to the set of non-negative real numbers,
improving its precision.

Another well-documented issue is theindex values
differ across scientific fields, making cross-daiciary
comparisons problematic. Researchers in some figld$
as physics, tend to receive more citations thasethio
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fields like mathematics. Consequently, a mathenaatic literature. One of them is the generalized Kosmittglex
with a lowerh-index may have a greater impact in theigiven by (4)
field than a physicist with a higheh-index. This
discrepancy arises due to differences in publicatind K,(x) = max {x;, = s(k)} (4)
citation practices among disciplines. One proposed kel12,..n}
iﬁ:;citgonn Icsohhrﬁcscovr:/istﬁzt zlzgghmﬁgrc? d’toWhleCnhal?IgmﬁlirerW here s:[0,00] = [0,c0] is arbitrary nondecreasing

. . . : . function. This index encompasses the Van Eck iff@gx
comparisons. However, in practice, this method iples defi

. ) efined by (5)

only an approximate measure of influence.

Finally, theh-index can be affected by co-authorship.
Researchers who collaborate extensively tend tduoe
more publications, potentially increasing thékindex.
Additionally, papers with multiple authors may acmiate for arbitraryd > 0 andh(2)-index (6) [4]
more citations, sometimes benefiting from selftwitas
among co-authors. To correct for this, several fiexdli H2(x) = max {x, = k?} 6)
indices have been introduced. One approach involves kel1,2
adjusting theéh-index based on the total number of author
contributing to an individual's publications. Aneth
method, known as fractional citation counting, des the
number of citations for each paper by the number of

h(x) = cnax n}{xk > .k} (5)

,,,,,,

8f Kosmulski or its extended versidi{m)-index in the
form (7)

. . . = > k™ =
authors before calculating theindex, ensuring a more HM (x) kE{r{l,g,?E,n}{xk 2 k™ form = 3,4, @)
equitable measure of individual contribution. _ o

These limitations highlight the need for alternati Let us point out that the numbkindicates the degree

complementary indices that address the shortconoihgs of significance and fat = 1 we have thé-index whereas

the h-index, making scientific impact assessments molie2)-index takes into account the most cited publication

accurate and fair across different research diseipland Similar to theh(2)-index, there was introducegindex

career stages. [5] by L. Egghe to take into account influence afoprs
with high-citations number. It is defined by (8)

3 Maodifications of h-index

The first group of indices improving thb-index g(x) = max n}{Z?ﬂ x; = k?} (8)
consists of thg-index, c-index ands-index. Thep-index o
provides a number of publications with at least citetion Considering the same scientist's output=
whereas the-index represents a number of citations of th%14’ 9,9,4,2). Then the Van Eck indek, (x) = 3, the

most important paper. The andc-indices measure almost k ysmulski indext{2(x) = 3 and theg-index g (x) = 6.

completely oppos_ite aspects of the performance of 3,o hg-index [6] is based oh- and g- indices as their
researcher. The-index can be seen as a measure Yeometrical mean, i.e. (9)

productivity with focusing on productivity (i.e.umber of
papers) and paying almost no attention to impaet, (i I ooy

number of times a paper has been cited). On the bind, hg(x) = yH®).9(x) ©)
the c-index can be seen as a measure of impact with
focusing on impact and paying no attention at all t
productivity. For instance, it prefers a singlehtgcited
paper over a large number of slightly lower citeghers.
Finally, thes-index defined by (3)

According to the definition, one can see that its
geometrical interpretation is the square root oé th
rectangle with sidel(x) andg(x) while trying to maintain
the advantages of both indices and minimize their
disadvantages.

3) Another index containing the square root is the

SO = D= Xi MAXPROD-index [7] which definition is (10)

Equals the total number of citations of all pubdigh
papers. Thus theindex takes into account all published MAXPROD(x) = /k max {k.x,} (10)
papers of the scientist and not only the most cited Si1.2,..m}

Consider the output = (14,9, 9, 4, 2) of a scientist. Then o . ) o
the h-index H (x) = 4, thep-indexp(x) = 5, thec-index This index takes into account less cited publicetio
¢(x) = 14 and thes-indexs(x) = 48. with appropriate weights. For our scientis the eabfihg-

To avoid some drawbacks of theindex, there have index ishg(x) =24 and theW AXPROD (x) = 27.

been presented several other indices in the avaliab Recently, in the work [8] authors proposed two dedi
which compensate some drawbacks oftiredex and they
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are calleche upper 2-h-indexH% andthe lower 2-h-index we getH}. Let us point out thai¥ compensates thig-
HY. Their mathematical expressions are as follow} (11 index drawback about high-cited publications wheiga
less- cited ones. We demonstrate the usage ofttices
H¥(x) = ke{r%\x n}{min{k + H(x),x,.}}, on the suitable example.
I _ o , Consider the scientific recond= (6,6,4,3,1,1,1,0).
Hz (%) = ke{rf?ff,n}{mm{k’x" +H@L (11) Then theh-index H(x) = 3. When removing the number
of the h-index from the whole citations, we get the new
In other words, we need to compute the clasdieal vectory = (3,3,1,0,0,0,0,0) and then-index of that vector
index. By removing the number(x) from the each H(y)= 2. ThusH¥ = 5. When removing the number of
citation, computing thé-index from the rest and adding the h-index from the papers, we get the new veetet
this two numbers together, we gé}. By removing the (3,1,1,1,0) and theh-index of that vectot (z) = 1. Thus
numberH(x) from the number of papers, computinglthe Hi = 4. The situation is ilustrated in Figure 2.
index from the rest and adding this two numbersttuey,

A Ty Az,
fH———— 6 ———
sl e 51
|
44 c:,—. 4 iy
|
I +----- I — — I+------- e
| |
24 : 2 :
| |
| |
11 d e, 1 I_ — —T—.
. : . . R . . : | : R
1 2 3 4 5 6 k 1 2 3 4 5 6 k
Figure 2 Comparison of H¥(left) and H(right)
4 Conclusion category of fuzzy integrals, which have been extehs

The Hirsch index has gained significant attentimmf ~Studied in recent years. This allows for the apian of
the scientific community due to its simple calcidatand findings and knowledge from fuzzy integrals to tita
other favorable properties, such as its applidghibt only ~ indices. For this reason, in recent work [9] theas been
to individuals but also to research groups andtinins. Presented the new overview of scientometric indidas
However, many scientists have pointed out the ditiins  iterated Sugeno integrals. The authors studiedr thei
of Hirsch’s proposed index. Specifically, théndex does Mathematical properties in general which can beplgim
not allow for fair comparisons between researchers ~adopted to discrete version. Finally, in [10] thkes been
different disciplines. It is also highly sensitit@ various Solved an open problem about full characterizatién
parameters, such as career length. As a resu, ript binary operation G satisfying the distributivityuedion.
suitable for comparing researchers from differege a
groups since the h-index is cumulative in natuneother Acknowledgement
disadvantage is its insensitivity to citations aftty cited ~The state grant agency under the contract No. ARVV-
papers. The most frequently discussed issue istbat- 0258 APVV-19-0418 VEGA 1/0508/22, and KEGA
index can be influenced by self-citations, thougiis t 020TUKE-4/2023 supported this article.
problem has been partially addressed in citatidaldeses
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